Abstract-In this technical note, symmetries in large-scale dissipative and passive control systems are considered. In the framework of dissipativity and passivity theory, stability conditions for large-scale systems are derived by categorizing agents into symmetry groups and applying local control laws under limited interconnections with neighbors. Building upon previous studies on stability of (Q, S, R)-dissipative large-scale systems, we show that for cyclic and star-shaped symmetric systems there exists an upper bound on the number of subsystems that can be added to preserve stability of dissipative systems. In cyclic and star-shaped symmetric systems, the subsystems can be heterogeneous as long as they satisfy the same dissipative inequalities. Approximate symmetry with respect to interconnections is also considered and the robustness of the results is demonstrated.
I. INTRODUCTION
Symmetry is a basic feature of shapes and graphs and can be found in many real-world networks, such as the Internet and power grids, as a result of tree-like or cyclic growth process. Since symmetry is related to the concept of a high degree of repetitions or regularities, common in nature, the study of symmetry has been undertaken in many scientific areas, such as mathematics (Lie groups), quantum mechanics, and crystallography in Chemistry.
The concept of symmetry has been studied in the classical theory of dynamical systems. For example, to simplify the analysis and synthesis of large-scale dynamical systems, it is of interest to consider smaller symmetric subsystems with simplified dynamics, which may potentially simplify the analysis in control, planning or estimation [1] , [2] . When dealing with multi-agent systems with various information constraints and communication protocols, under certain conditions such systems can be expressed as or decomposed into interconnections of lower dimensional systems, which may lead to better understanding of system properties such as stability and controllability [3] , [4] .
Early research on symmetry in dynamical systems can be found in [5] - [7] . Symmetry in the context of distributed systems containing multiple instances of identical subsystems are studied in [8] and [9] , where the controllability of the entire class of systems was determined by reducing the model and examining a lower order equivalent class.
Manuscript received April 20, 2015 Different forms of symmetry, such as star-shaped or cyclic symmetry, result in distinct stability conditions for interconnected systems. We will also show this in the present technical note using dissipativity theory.
The notion of dissipativity is a generalization of Lyapunov stability theory where an energy like quantity associated with a system is defined to be non-increasing over time [10] . A dissipative system can store or dissipate generalized energy supplied to the system without generating surplus energy. The energy is characterized by a storage function, which is a generalization of a Lyapunov function. For dissipative systems, the energy can increase, as long as the rate of increase is bounded by a supply rate, which can be a function of input, output, state, and time. Electrical circuits and other physical systems are common examples [10] . Nevertheless, the notion of a generalized energy storage function, supply rate, and dissipativity can be applied to general nonlinear systems. Passivity is a special case of dissipativity, where the supply rate has a special form. When two passive systems are interconnected in parallel or in feedback configuration, the overall system remains passive. Thus, passivity may be preserved when largescale systems are put together from components of passive subsystems, which makes the passivity an appealing property in large-scale systems.
Dissipativity and passivity in systems, together with decomposition into lower order subsystems have been previously used in the study of large-scale systems. Lyapunov stability has been studied using vector Lyapunov functions, and input-output stability results have been presented for dissipative subsystems [4] . In addition, [11] studied interconnections of dissipative subsystems as well as special types of dissipative systems such as finite gain systems, and passive systems. Ref. [12] generalizes previous results to weighted Lyapunov functions and gives spectral characterization of the interconnection matrix. The stability conditions in interconnected passive systems, and the close relationships between output feedback passivity and L 2 stability have been studied in [13] and [14] . Recently, the use of diagonal stability in study of passive network systems have been investigated [15] . Moreover, a passivity-based controller for asymptotic stabilization of interconnected port-Hamiltonian systems has been designed [16] . In addition, the study of consensus algorithms for multi-agent network systems based on the graph Laplacian of the networks is represented in [17] .
In the present technical note, first (Q, S, R)-dissipativity of largescale systems are studied as an extension of the results in [11] . Next, stability conditions for large-scale systems consisting dissipative subsystems are derived by categorizing agents into symmetry groups and applying local control laws under limited interconnections with neighbors. Conditions are derived for the maximum number of subsystems that can be added while preserving stability and these results may be used in the synthesis of large-scale systems with symmetric interconnections. This technical note mainly focuses on two kinds of symmetry: star-shaped symmetry and cyclic symmetry. The present work extends the previous study [18] to additional symmetry cases and presents new results in the case of (Q, S, R)-dissipativity, passivity, and approximate symmetries.
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See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. The technical note is organized as follows: In Section II, we introduce a background on dissipativity, passivity and symmetry in dynamical systems. Section III describes stability conditions for dissipative and passive systems with star-shaped symmetry interconnections. Section IV discusses stability conditions for dissipative systems with cyclic symmetry, and finally, the concluding remarks are presented.
II. BACKGROUND AND PRELIMINARIES
Consider a nonlinear systeṁ
where 
Definition 2: [11] A system is (Q, S, R)-dissipative if the system is dissipative with respect to the supply rate
where Q ∈ R p×p , S ∈ R p×m , and R ∈ R m×m . Passivity is a special case of (Q, S, R)-dissipativity, i.e., Q = 0, S = (1/2)I, and R = 0, where I is the identity matrix.
Let Q = −I, S = 0 and R = k 2 I, for some fixed positive real number k. In this case it can be shown that the (3) implies
where · T is the truncated norm, defined via x 2 T = x, x T . If (4) is satisfied, we say that the system is finite gain input-output stable, or L 2 -stable with an upper gain bound of k.
Consider N dissipative subsystems and each subsystem Σ in Fig. 1 has the dynamicṡ
that satisfies the dissipativity inequality with storage function V i (x) and supply rate u i , y i are input/output with the same dimension (m = p). Let the linear feedback interconnections be described by
where u i is the input to the subsystem i, y i is its output, u ei is an external input, and H ij are constant matrices. The system inputs and outputs are stacked as u = [u
Defining a constant interconnection matrix, H = [H ij ], the linear interconnected system can be represented by
Lemma 1: [11] Let the ith subsystem have finite gain input-output stable with gain γ i , for i = 1, . . . , N, and suppose that each subsystem has only one input and one output. Define Γ = diag{γ 1 , . . . , γ N } and A = ΓH, where H can be obtained from (7) . Then, if there exists a diagonal positive definite matrix D such that
the interconnected system is BIBO stable. A sufficient condition for the existence of a matrix D, which satisfies (8) is that the matrixÂ
has positive leading principal minors [19] ,
Note thatÂ is positive definite in this case. Lemma 2: [12] If there exists a diagonal matrix D > 0 such that the matrixQ
is positive definite, i.e.,Q > 0, then the network of N interconnected (6) is asymptotically stable.
Note that the existence of a diagonal matrix D > 0 is required in Lemmas 1 and 2, which links our approach to the diagonal stability analysis [15] .
In this technical note, we consider two types of symmetries, namely star-shaped symmetry and cyclic symmetry. In a star-shaped symmetry, subsystems do not have interconnections with each other but the base system has interconnections with all the subsystems. In cyclic symmetry, subsystems have interconnections with their neighbors and the base system (see Figs. 2 and 3) . 
III. DISSIPATIVE AND PASSIVE STAR-SHAPED SYMMETRIC SYSTEMS

A. Dissipative System With Star-Shaped Symmetric Dissipative Subsystems
In this section, we use the results from Lemma 1 and consider all the subsystems as single-input single-output (SISO), i.e. m = p = 1.
Consider the nonlinear system (1) with the linear feedback interconnections (7). The base system (y 0 , u 0 ) is the starting system, which we expand about by adding subsystems; (y i , u i ) i = 1, . . . , N denote the additional subsystems to the base system. For star-shaped symmetry, we have the matrix of interconnections, H, in the form of
where block entries of H are feedback scalar gains since we consider each subsystem to be single-input single-output. Thus, the linear feedback interconnections are described by
Theorem 1: Consider a finite gain system extended by N starshaped finite gain symmetric subsystems with symmetric interconnections matrix H. If
whereÂ is defined in (9) and σ and σ are its minimum and maximum eigenvalues respectively, then the interconnected system is BIBO stable. Proof: When the interconnected system is extended with one subsystem, we have the new matrixˆ A = [ˆ a ij ], whereˆ a ii = 1 − | a ii |, a ij = −| a ij |, i = j. a ij are the entries of the matrix
The new matrixˆ A can be written asˆ A = (12) .
Remark 1: The existence of such upper bound implies that in order to preserve stability, positive feedback for networked control systems should be restricted. Since we assume feedback from symmetric subsystems, their feedback gains should be identical, either all negative feedback or positive feedback. For the former case, the system will remain stable even after adding arbitrary number of subsystems. The result for negative feedback is a well known result [10] . For the positive feedback case, studied here, there exist an upper bound on the gain if stability is to be guaranteed, or an upper bound on the number of subsystems that can be added. Theorem 1 states that even with very small gain (Lemma 1), stability may be lost for large numbers of subsystems.
For more general case, with appropriate change of notation to Kronecker algebra, we can get the results for multi-input multi-output (MIMO) systems [12] . We consider (q, s, r)-dissipative subsystems connected to the base system in star-shaped symmetry.
Consider MIMO subsystems with dynamics shown in (5) and linear interconnected system (7). All the (q, s, r)-dissipative subsystems are connected to the base system in star-shaped symmetry and it is assumed that all subsystems satisfy the dissipative inequalities with the same (q, s, r) . The constant interconnection matrix is
and therefore, the linear feedback interconnections can be described by 12 and H 21 , are constant matrices containing feedback gains between the base system and subsystems. Also, H 0 and H 1 are constant local feedback matrices of base system and subsystems respectively. We now have the following result:
. . , N where H
Theorem 2: Consider a (Q, S, R)-dissipative base system extended by N star-shaped symmetric (q, s, r)-dissipative subsystems as in Fig. 2 . System Σ s is (Q,Ŝ,R)-dissipative witĥ
Proof: The base system is (Q, S, R)-dissipative with supply rate ω(u, y) = y T Qy + 2y T Su + u T Ru. Thus, there exists a storage function V > 0 such thatV ≤ ω(u, y). Also, the subsystems are added to the base system with the linear feedback interconnections u = u e − Hy, where u e is the external input (Fig. 1) and matrix H contains gains of subsystems connected to the base system in a star-shaped symmetric configuration. 
e Ru e . Thus, the enlarged system is (Q,Ŝ,R)-dissipative withQ,Ŝ, andR given by (14) .
Corollary 1: Consider a (Q, S, R)-dissipative base system extended by N star-shaped symmetric (q, s, r)-dissipative subsystems (Fig. 2) . System Σ s is asymptotically stable if
Proof: In Theorem 2, we have shown that the enlarged system is (Q,Ŝ,R)-dissipative. For simplicity, we consider D = I in Lemma 2 such that (10) holds. Based on the linear interconnections, we have matrix of feedback interconnections, H, for star-shaped symmetry and for asymptotic stability, we requirê
This implieŝ
where Remark 2: The right-hand side of (15) consists of two parts, the first part implies that the base system will become unstable if the sum of a positive feedback gains from all subsystems exceed certain value, while the second part implies that the subsystem will become unstable if the positive feedback from the base system is too strong.
Notice that hitherto we have considered all subsystems being (q, s, r)-dissipative. No restrictions were placed on the actual dynamics which may be different from each other. Thus, the above results apply to heterogeneous systems as well, as long as they satisfy the inequality (2).
B. Passive System With Star-Shaped Symmetric Passive Subsystems
Corollary 2: Consider a passive system extended by N star-shaped symmetric passive subsystems (Fig. 2 ). System Σ s is asymptotically stable if 
C. Approximate Star-Shaped Symmetry in Interconnected Passive and Dissipative Systems
Exact symmetry in control systems may not apply in some cases, for instance the models of distributed systems may be different but bounded by some induced matrix norm, interconnections may have different weights, there may be time-variant delays, packet drops, etc. Disturbances in system dynamics and interconnection structure can represent another type of approximate symmetry. The study of approximate symmetry can provide more robust results for dynamical systems. There are also a few results of approximate symmetry and approximate model reduction of dynamic systems [21] .
When introducing approximate symmetry into dissipative systems, the linear feedback interconnections can be described by
Therefore, star-shaped subsystems have different constant matrices, although the structure of the network remains star-shaped symmetric.
Corollary 3: Consider a passive system extended by N star-shaped approximately symmetric passive subsystems (Fig. 2) . System Σ s is asymptotically stable if
The proof is similar to Corollary 1 and is therefore omitted here.
Consider a dissipative system extended by N star-shaped approximately symmetric dissipative subsystems. System Σ s is asymptotically stable ifQ > 0 in (10) . The proof is similar to that of Corollary 1.
Example 1: Suppose we have N + 1 symmetric passive subsystems in Fig. 2 , and the linear feedback interconnections are described by u 0 = u e0 − y 0 + 0.4y 1 + 0.2y 2 + · · · + 0.2y N , u 1 = u e1 + 0.4y 0 − y 1 , u i = u ei + 0.2y 0 − y i , i = 2, . . . , N. In this example, we consider SISO subsystems with scalar feedback gains. According to Corollary 3 (19) , N < 6.25. Thus N max = 6, which is relatively conservative as an upper bound of the number of subsystems that can be added to the base system in symmetric interconnections without losing stability.
where
Remark 3: Similar to (15), the right-hand side of (21) consists of two parts, indicating that the positive feedback between the base system and subsystems should not be too strong. However, unlike the starshaped structure, the ring-shaped structure does not necessarily need the support of the base system, which means no constraints are put on N as in (21) v j . Here, σ( H) is bounded and the bound will not be affected by the number of subsystems given a similar structure of the interconnection matrix, in which zero entries are filled when adding new symmetric subsystems.
B. Passive System With Cyclic Symmetric Passive Subsystems
Corollary 5: Consider a passive system extended by N cyclic symmetric passive subsystems (Fig. 3) . System Σ c is asymptotically stable if This Corollary can be directly concluded from Corollary 4 by putting Q = 0, S = (1/2)I, R = 0 for the base system and q = 0, s = (1/2)I, r = 0 for subsystems.
V. CONCLUSION
In this technical note, (Q, S, R)-dissipativity and stability conditions for large-scale systems are derived by categorizing agents into symmetry groups and applying local control laws under limited interconnections with neighbors. Stability for dissipative and passive systems is considered and conditions are derived for the maximum number of subsystems that may be added while preserving stability. There may exist an upper bound on the number of subsystems so to guarantee stability, depending on the structure of symmetric interconnection. Two kinds of symmetries are studied in this technical note: star-shaped symmetry and cyclic symmetry. These results may be used in the synthesis of large-scale systems with symmetric interconnections.
